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INTRODUCTION 
The existence and stability of equilibrium orienta- 
tions of an aspherical body in a nonuniform gravitational field 
4 is a classical problem. 
have direct applications to modern astronautical problems. 
Various generalizations of it also 
This 
paper considers one of these: the problem of a single rigid 
body containing a symmetric, constant speed, fixed axis rotor -- 
i.e. a gyrostat. We consider the existence and determination of 
gravitational equilibria for three basic cases for gyrostats on 
circular orbits in an inverse square field. Space does not per-  
mit discussion of  stability problems or of computational algo- 
rithms for the numerical soiution of the most g e n e r a l  case, Both 
of these questions will be elaborated elsewhere. 
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2. 
DYNPJAICAL BASIS and EQUIIJBRIUM CONDITIONS 
L e t  5 I = [INp ] be t h e  i - n e r t i a  mat,rix of t h e  whole body, 
i n c l u d i n g  r o t o r s ,  03 = [ 04] be t h e  3 x 1  m a t r i x  of  body components 
of i n e r t i a l  a n g u l a r  v e l o c i t y ,  ~3 = [ edX,  d, J ( %pyl t h e  
"Eps i lon  symbols1' of t e n s o r  a n a l y s i s )  
o f  body components of i n t e r n a l  a n g u l a r  momentum from t h e  r o t o r s ,  0, 
be t h e  ( c i r c u l a r )  o r b i t a l  a n g u l a r  v e l o c i t y  of t h e  g y r o s t a t .  
4 
h = [ha  3 be t h e  3x1  m a t r i x  
The o r thonorma l  body f rame i s  { xg] , and i s  a 
second o r thonorma l  frame such  t h a t  z3 i s  t h e  g e o c e n t r i c  v e r t i c a l ,  
i s  normal t o  t h e  o r b i t  p l a n e ,  9 i s  I1forward". These a r e  32  - - I  
r e l a t e d  by t h e  d i r e c t i o n  c o s i n e  m a t r i x  8 = [eNp] a s  
x4 = o,, 8 (1) 
-P 
I n t r o d u c e  3x1 m a t r i c e s  z [QdA3 , m a t r i c e s  of components of 
ry 
r e s o l v e d  i n  body axes .  D e f i n e  = Lc4,/p P X  
As a s t a r t i n g  p o i n t  we u s e  t h e  E u l e r  r o t a t i o n a l  e q u a t i o n s  
i n  m a t r i x  form ( s e e  methodology of [2 ]  o r  [3]): 
N 
With t h e  r a t i o n a l e  of [l], we a r g u e  t h a t  a n e c e s s a r y  and s u f f i c i e n t  
c o n d i t i o n  f o r  e q u i l i b r i u m  i s  t h a t  ~3 = U o f e  ( c o n s t a n t ) ,  i.2. t h a t  
Greek s u b s c r i p t s  have r a n g e  1,2,3 and t h e  summation conven t ion  5 
i s  used .  
. . -  
As i n  [l], n o t e  t h a t  t h e  
v e c t o r  space ,  s o  e v e r y  3 x 1  m a t r i x  r e p r e s e n t i n g  a v e c t o r  i n  i t  i s  
a l i n e a r  combina t ion  of t h e  . 
fA form a b a s i s  f o r  o u r  ( p h y s i c a l )  
Note t h a t  
unknown e x c e p t  a s  d e t e r m i n e d  a long  w i t h  3, . 
approach  t h e  problem by t h i n k i n g  of them a s  known, however. 
t i o n s  4 i n  3 imply  cl=O, b l=-J l ,  b3=-J3-3c2. N e x t ,  2': 1 % ~ ~  s; 15, 
h u s u a l l y  i s  t h e  known q u a n t i t y  i n  Eq,4d, t h e  Jx b e i n g  
It i s  h e l p f u l  t o  
Equa- 
where E i s  t h e  3x3  u n i t  m a t r i x ,  a s  t h e  e q u i l i b r i u m  c o n d i t i o n s .  
Note t h a t  J2 d o e s  n o t  a p p e a r ,  a s  might  b e  a n t i c i p a t e d  on p h y s i c a l  
g rounds ,  
Recognize  t h a t  2; j ,= I ( o n o t  summed) and Sr 5 = o ( d + f )  * B  
b e c a u s e  of t h e  o r t h o n o r m a l i t y  of 
t heo rems  a r e  o b v i o u s ,  i n  v iew of  t h e  e i g e n v e c t o r  c h a r a c t e r  o f  a 
p r i n c i p a l  a x i s  a s  r e g a r d s  t h e  i n e r t i a  matr ' ix :  
9 xj  . Then t h e  f o l l o w i n g  - 
I . -  
TH. 1 
4. 
The c o n d i t i o n  t h a t  2 c o i n c i d e  tiilth a 
- I  
p r i n c i p a l  a x i s  of  i n e r t i a  i m p l i e s  and i s  impl i ed  
by J1= 0. 
TH. 2 The c o n d i t i o n  t h a t  z3 c o i n c i d e  w i t h  a 
p r i n c i p a l  a x i s  of i n e r t i a  i m p l i e s  and  i s  i m p l i e d  
by J3= 0. 
TH, 3 The c o n d i t i o n  t h a t  4 be a p r i n c i p a l  a x i s  
-2  
i m p l i e s  and i s  i m p l i e d  by J1= J3= 0. 
BASIC CASES 
The c a s e  J1= J2= J3= 0 i s  t h e  c l a s s i c a l  l i b r a t i o n  prob-  
lem, which we do  n o t  c o n s i d e r  f u r t h e r .  The c a s e  J1= J3= 0, J2=0 
i s  w e l l  d e f i n e d  by TH. 3 and'Eqs.5:  a l l  p r i n c i p a l  a x e s  c o i n c i d e  
w i t h  7 a s  i n  t h e  c l a s s i c a l  problem, t h e  p r i n c i p a l  a x i s  c a r r y -  
-3  
i n g  t h e  i n t e r n a l  a n g u l a r  momentum n e c e s s a r i l y  c o i n c i d e n t  w i t h  ¶ 
t h e  normal  t o  t h e  o r b i t  p l a n e .  I t  can be  shown by l i s t i n g  ex- 
c l u s i v e  and e x h a u s t i v e  p h y s i c a l  s i t u a t i o n s  t h a t  t h e  o n l y  o t h e r  
c a s e s  t h a t  need be c o n s i d e r e d  a r e  J1= 0, J3+ 0; JlW, J3= 0; 
5153 + 0. 
o t h e r  p h y s i c a l  e q u i l i b r i u m  p o s s i b i l i t i e s  e x i s t .  
Even though t h e  J, a r e  n o t  "known" p a r a m e t e r s ,  no 
THE CASE J3= 0 ,  J1 0 
The c a s e  w i t h  J l = O ,  J3$O can be argued  by analogy.  By 
TH.2, f, i s  a l i g n e d  w i t h  a p r i n c i p a l  a x i s  a long  which h a s  no 
component. F o r  d e f i n i t e n e s s ,  c a l l  it a x i s  53. I n  t h i s  c a s e  
. -  
5. 
l) = I3 i n  Eq.Sc, and Eqs.52,b t a k e  t h e  s c a l a r  form 
J I S ,  = 0 ( 6 a )  
( n o t  summed on 1. E l i m i n a t i n g  s n e c e s s a r y  and s u f f i c i e n t  
e q u i l i b z i u n  c c n d i t i o n s  a r e  
2% 
( n o t  summed). Now 8,3 =O because  %33=1, and n e i t h e r  s,, 
n o r  &.r a r e  z e r o ,  f o r  o t h e r w i s e  3, i s  a p r i n c i p a l  a x i s  c o n t r a r y  
t o  TH.2. 
v a n i s h .  
Thus f o r  0 (=1 ,2  t h e  b r a c k e t e d  q u a n t i t y  i n  Eq.7 must 
Suppose D = 11- I$ 0. Then 
’x= t ( I , + I z  “ \ IW- .4J ,2 ’ )  
r -=  
Eviden t ly6 :  
TH. 4 I f  \&-ra 1 < 2(311 no r e a l  e q u i l i b r i u m  
- : ( I l + Q  ‘i ~ D ’ - + J I 2 ‘ )  
e x i s t s  f o r  which h i s  i n  t h e  p l a n e  of t h e  l o c a l  
h o r i z o n t a l  ( i . e .  t h e  ?! , fa  p l a n e ) .  Here 11, 22 
a r e  p r i n c i p a l  moments i n  t h e  p r i n c i p a l  p l a n e  c o n t a i n -  
i n g  b. 
6 
a g a i n  c a l l i n g  33 t h e  a x i s  w i t h  no b-component: 
T h i s  h a s  an immediate ana logue  f o r  t h e  c a s e  where J1=0, J$O, 
TH.5 If [II-~z \ < 2 I &J /+I , no r e a l  e q u i l i b r i u m  
e x i s t s  f o r  which h i s  i n  t h e  p l a n e  normal t o  t h e  
o r b i t  ( i . e .  t h e  $,Cj, p l a n e ) .  
* -  
I 
I *  
cp R e f e r  t o  F ig .  1 f o r  t h e  d e f i n i t i o n  of a n g l e s  0, 
and p u t  H = \ b \ / d o  = The a n g l e  '0 and magnitude H 
a r e  c o n s i d e r e d  known, and J, , 8 a r e  t o  b e  de te rmined  from E q s , 4 d ,  
6a  (wi th  ci =1, s a y ) :  i .e.  from J1= H cos(et(P) and 
$ LD Lt {D2- 4J12 1 c o s  8 t J ,  s i n  6=0. Def ine  + =  8 -  ~ 1 2  
and 
( 9 )  K = -D/2H = (12-I,) /2H 
By l a b e l i n g  axes  so  I >I we a l s o  can a s s u r e  )c>O . Then it i s  
2 /  1 
s t r a i g h t f o r w a r d  t o  show t h a t  
froin 
3.' (hence d i s  t o  be  de t e rmined  
s i n  ( + t y )  = K; sin 2q (10) 
T h i s  e s t a b l i s h e s  t h e  q u a l i t a t i v e  r e l a t i o n s h i p  between CQ 2nd $ shown 
i n  F ig .  2. If O i K . < &  ( O I I , - I , - <  H) t h e r e  i s  e x a c t l y  
one e q u i l i b r i u m  o r i e n t a t i o n  f o r  each  -va lue .  For l / 2  < K i I 
t h e r e  a r e  two e q u i l i b r i a  f o r  each  i n  s m a l l  r a n g e s  n e a r  PO 
and C f =  -If (da rk  l i n e  segments i n  Fig.2.)  An i l l u s t r a t i v e  p a i r  
(4 
of such  e q u i l i b r i a  i s  shown i n  F ig .  3. The c a s e  D = 0 i s  approached 
u n i f o r m l y  a s  & approaches  z e r o ,  and one f i n d s  t h a t  t h e  cor respond-  
i n g  p h y s i c a l  e q u i l i b r i u m  i s  t h e  one found p r e v i o u s l y  w i t h  J,= J3 = 0 
T H E  GENERAL C A S E  
Assume 3 , + . 0 ,  3, 4 0 The a n a l o g s  of Eqs.6 a r e  
( o!, n o t  sumned) . Necessary  and s u f f i c i e n t  c o n d i t i o n s  f o r  n o n t r i v L a 1  
\ 
5 2  
ROTOI-2 ANGULAX M O M E N T U M  I N  THE P L A N E  OF THE 
L O C A L  H O R I Z O N T A L  
F I G U R E  1 
S O L U T I O N  POSSIBILITIES FOR EQUATION 13 
F I G U R E  2 
I L L U S T R A T I V E  EQUILIBRIA FOR K =  0.8,  B2/B1 = 25/16, 4 = loo 
F I G U R E  3 
10. , '  
s o l u t i o n s  a r e  t h e  v a n i s h i n g  o f  t h e  t h r e e  d e t e r m i n a n t s  of c o e f -  
I t  i s  c o n v e n i e n t  t o  suppose t h a t  body a x e s  a r e  l a b e l e d  such  t h a t  
D e f i n e  p a r a m e t e r s  
and f o r  b r e v i t y  u s e  x = ( A -  L, )/H, = (2J+)/t+ 
With some m a n i p u l a t i o n  i t  can be shown t h a t  Eqs. 1 2  f o r  o( =l ,2 ,3  
can  be w r i t t e n  a s  
I f  t h e  j l , j 3  
l i k e  q u a n t i t i e s  x , y , z ,  whence $, c o u l d  be de termined  from Eqs.11. 
I n  f a c t  t h e  j l , j s  are n o t  known, so  a c e r t a i n  s e t  of e q u a t i o n s  
must be s o l v e d  s i m u l t a n e o u s l y .  S p e c i f i c a l l y ,  Eqs. l l a  and l l c  
imply 
were g i v e n ,  t h e s e  would d e t e r m i n e  t h e  e i g e n v a l u e -  
& ’  
11 . 
I C  Using  Eq.l5b, f o r  example,  t o g e t h e r  w i t h  t h e  c o n d i t i o n s  3,, y,, = I , 
S3JS,d = 0 s,?, I one g e t s  t h r e e  a l g e b r a i c  e q u a t i o n s  
l i n e a r  i n  t h e  ( whose s o l u t i o n s  a r e  
F i n a l l y ,  i f  7 = h /Ha, 
c o s i n e s  of h ,  Eq.  4.6 g i v e s  
i s  a known m a t r i x  o f  d i r e c t i o n  
- 
The f o u r t e e n  e q u a t i o n s  Eqs. 1 4 a ,  b ,  15a ,b ,  1 6 a , b , c ,  and 
17 r e l a t e  t h e  f o u r t e e n  unknowns x ,  2 ,  j, 
p r i n c i p a l ,  be s o l v e d  n u m e r i c a l l y  f o r  t h e  e q u i l i b r i u m  c o n d i t i o n s  
g i v e n  o n l y  t h e  t h r e e  components 
A d i s c u s s i o n  of  s o l u t i o n  a l g o r i t h m s  i s  i m p o s s i b l e  w i t h i n  t h e  l i m i t a -  
t i o n s  on t h i s  p a p e r  and w i l l  be g i v e n  e l sewhere .  
p o s s i b l e  t o  examine some of t h e  q u a l i t a t i v e  s o l u t i o n  p o s s i b i l i t i e s  
h e r e  . 
. They c a n ,  i n  
and t h e  p a r a m e t e r s  K , ,  K, . 7% 
However, i t  i s  
F i r s t ,  n o t e  i n  Eqs.14 t h a t  t h e  need f o r  j , 2 a n d  j32 t o  be 
p o s i t i v e  means t h a t  x and z-va lues  must  l i e  o n l y  i n  t h e  r e g i o n s  
) and ( O ~ ~ ~ = L K ~ ,  a < ~ ~ i l c ~  1. 2KaT O ( Z V . p %  4 2 K \ )  
. . '  12. 
C N e x t ,  o b s e r v e  t h a t  Eqs. 1 4 a ,  b can be w r i t t e n  a s  a s i x t h  o r d e r  
a l g e b r a i c  e q u a t i o n  P ( z ;  161, , j~ , , ,  = 0 by e l i m i n a t i n g  x. I f  
t h i s  e q u a t i o n  i s  s o l v e d  s i m u l t a n e o u s l y  w i t h  a P / a ~ = =  o one f i n d s  
z -va lues  which s e p a r a t e  r e g i o n s  i n  t h e  pa rame te r  s p a c e  i n t o  r e g i o n s  
w i t h i n  which d i f f e r e n t  numbers of r e a l  s o l u t i o n s  e x i s t .  (The f a c t  
t h a t  j i s  a b s e n t  from aP/d% e n a b l e s  some of t h e  r e s u l t s  t o  be 
g o t t e n  a n a l y t i c a l l y . )  Some a d d i t i o n a l  pa rame te r  g r o u p i n g s  a r e  ae- 
f i n e d ,  i n  terms o f  which c o n v e n i e n t  symmetry p r o p e r t i e s  e x i s t :  
Leaving a s i d e  t h e  d e t a i l s  of t h i s  i n v e s t i g a t i o n ,  w i i c h  u t i l i z e s  
d i g i t a l  computer s o l u t i o n s ,  t h e  r e s u l t s  shown i n  Fig.4 a r e  o b t a i n e d .  
P a r a m e t e r  r e g i o n s  a r e  s e e n  t o  e x i s t  w i t h i n  which e x i s t  0, 2,  4 o r  6 
r e a l  p a i r s  o f  eigenvalue-1ike.quantities X , Z .  F u r t h e r  s t u d y  of  
t h e s e  e q u i l i b r i a  and t h e i r  s t a b i l i t y  i s  planned.  
CONCLUDING REMARKS 
Two c l a s s e s  of problems f a l l  w i t h i n  t h e  scope  o f  t h i s  
work. I n  '!design problems" a d e s i r e d  o r i e n t a t i o n  ( i . e .  t h e  s c a l a r s  
) and m a t r i x  I are s p e c i f i e d .  Then from Eqs .  52, c 34, f a, 
\ 1 
follow A =  9;1s, , J =  2:Is3 whence J, , J3 a r e  de t e rmined  
from t h e  same e q u a t i o n s .  T h e r e a f t e r ,  Eq.kd d e t e r m i n e s  h e x c e p t  a s  
r e g a r d s  component J2 which i s  e n t i r e l y  a r b i t r a r y .  
problems" one i s  g i v e n  K , , , K ~  
r i a .  T h i s  problem now h a s  been s o l v e d  comple t e ly  f o r  t h e  c a s e  where 
I n  " a n a l y s i s  
and h ,  and must d e t e r m i n e  t h e  e q u i l i b -  
h i s  p a r a l l e l  o r  p e r p e n d i c u l a r  t o  a p r i n c i p a l  a x i s .  
a s e t  of s i m u l t a n e o u s  e q u a t i o n s  h a s  been g i v e n  from which 
I n  o t h e r  c a s e s ,  
e q u i l i b r i u m  o r i e n t a t i o n s  can be  de te rmined .  
c b 
i 
REFERENCES 
1. LIKINS, P. W. and ROBERSON, K. E.,  YJn iqueness  of 
E q u i l i b r i u m  A t t i t u d e s  f o r  E a r t h - P o i n t i n g  S a t e l l i t e s t 1 ,  
J. A s t r o n a u t .  S c i . ,  13 (19661, 87-8 
2. R@13ERSON, R,  E. and WITTENBURG, J,, "A Dynamical Forxslisz 
f o r  an  A r b i t r a r y  Number of I n t e r c o n n e c t e d  R i g i d  Bod ies ,  
w i t h  Reference t o  t h e  Problem of S a t e l l i t e  A t t i t u d e  C o n t r o l " ,  
P roc .  T h i r d  Conqress  I n t ,  Fed, Auto,  C o n t r o l  (London, 1966), 
6 
B u t t e r w o r t h ,  Londin ,  t o  appear ,  
3 .  ROBERSON, R. E . ,  Dynamics and Control of R o t a t i n q  Svs tems,  
Academic Press, N ,  Y.,  t o  b e  p u b l i s h e d .  
